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- ABSTRACT

‘The guidance problem in the entry phgse of a Martian

mission is complicated by the uncertainty which exists in

the values of the atmospheric density parameters. Trajectories

obtained from aerodynamic breaking are very sensiti?e to
deviations in the atmospheric parameters. For the controls
in a guidance scheme, this investigation .is concerned with
using (i) a discrete changé'in.the ballistic coefficient
(m/CDA) by altering the effective area of‘drég (A), and

(ii) a sequence of small ‘discrete changes in the.flight

path angle by applying an impulsive force perpendicular to-

‘the direction of the velocity vector.

"With a knéwledge of reference atmospheric parameters

and -by trécking the actual parameters, the problem is to
~finq a Eorrect altitude for changing the drag surface.
‘This operation should minimize the deviation of the actual
terminal conditions from tﬁe finél'férminal conditions.
The sequence of impuléive-changes in the flight path éngle
" can then be-gmplbyed as a triﬁ to fe&uce the'efrors in
the‘actual terminal conditions. | |

..: A referencé value for the ballistic coefficient was
obtaineé from NASA. To determine the effect of a chanée
“in the.drag surface on the final &alues of the.state.>
variables, the area ratio was.vaiied as a function of
altitude. Simulating this procedure over the ranéé of
-;ppssibie étmosphefes deterﬁines the value of A/Aé necesi

sary to compensate for deviations from the reference set

fedo
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of atmospheric parameters. It will also determine the
aititude at which thé ballistic'coefficiept is changed
as a function of“the actual atﬁosphere,

However, the accﬁracy in this scheme is depend-
ent 6n~£he accuracy from an’ﬁpdaping SCheme‘when the change
in area is made. If improved values of the parameters are
obtained after the ballistic coeffiéient’is'changed, a
sequence of discrete changes~in the flight path angle

may be used to minimize the resulting state variable

: I
errors.
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INTRODUCTION

The entfy‘guidance syétém for /a Martian capsule

must meet certain terminal constraints at a terminal alti-

"tude if the soft landing of a capsule on the surface/is

to be successful. -For Earth re-entry, the atmosphere is
coﬁsidereaAa well known quantity, and the_guidance'syétem
nged only correct for errofs in the entry conditioné to
meet the final constraints. However, the Mars entfy guid-

I - ' > - - LS
ance problem is complicated by the uncertainty which exists

" in the characteristics of the Martian atmosphere. A guid-

ance scheme must be able to compensate for variations in

‘the atmosphere as well as in the entry conditions if the

capsule is to meet the predetérmined terminal condifion{.

At present there are épproximatéiy ten models

.of the Martian atmosphere used in engineering design.

These models are all of the same mathematical form and

the only variation is the parameter values used in them?,?3

(see Appendix B). A.reference tfajectory-will have to be
- designed on earth based on one of the models and theiguid-
‘ance system will have to respond to variations in the ref-

erence values of the atmospheric parameters. Therefore,

an on-board system will be needed to update the actualf
values of the atmospheric parameters encountered when the

craft arrives *.

The trajectory errors due to deviations between
the actual and reference values of the Mars atmosphéric

parameters are very important. The trajectories obtained



from aerodynamic bfeaking are particularly sensitive to
aeviations in these parameters and according to present
~-estim.f.:t‘ces. s the‘farameter devietions may’ﬁe quite large.
The surface pressure alone is considered ranging from 5
to .10 millibars.

Now the density of Mars is much lower than that
found on Eérth and the aerodynamic dfag of the eapsule is
directly dependent on the density. To compensafe for this
lessened'atmospheric drag, two techniques have been suggest-
ed.] These are (i) altering the ballistic cpefficient of
the vehicle, ‘and (ii) lengthening the flight path in the
atmosphere.. - |

Variatien-of'tﬁe ballistic coefficient has been
sugéested as a control techniQue in papers by Phillips and
Cohené, and by Warden’.- However, both papers made the use
of simplifying assumptions-whieh.are.valid for Earth entfy;
Thru these assumptions; analytical solutions of the equa-‘
tions of motion were found and apglied for the analysis
of drag controlled entry. However; these. assumptions are
not valid for the Mars entfy problem; but the use of the
-ballistic coefficient as a control seems particulafly
appllcable to Mars entry due to the small drag forces.

In addltlon, it is possible to lengthen (or short-
en) the flight range of the capsule by changlng the flight
path angle at some boint on the trajecfory;;4This type of
centrol might be used te make the range error zero thru
a sequence of small correctlons, or it might be used to

decrease the terminal Veloc1ty by extendlng the length of
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the flight.

. .Therefore, it is the aim of this report to dis-
cuss the use of a diecrete change in the ballistic coeffic-
ient and a.éequence of small discrete chanées in the flight

path angle as the controls in a guidance scheme which com-

-~
v

pensates for the atmospheric uncertainty of Mars.
An estimate of the terminal constraints that we

wish to satisfy for the entry phase of a Martian landing

mission has been outlined by NASA'. For the purpose of

the]investigation, the desired final velocity comstraint
is taken as wenting.to %educe the speed of the craft from
approximétely fifteen thousand.feetAper eecond at entry to
less than one thousand feet per second at an altitude of
twenty thousand feet above the surface. The final range
cbnstfaint is taken as minimizing its deviation from the -
reference value chosen.

SUMMARY

It is shown that the velaenof the ballisfi; co-

efficient has a distinct effect on the terminal conditions

‘of an entry capsule. If the ballistic coefficienf is always

less than .30 slugs/ft?, the final velocity is less than
one thousand feet per second at twenty thousand feet for
all-propesed models. If the composition_ofithe actual
atmosphere is similar to that of the reference atmosphere,
tﬁe chanoe'in the drav sﬁrface may be uSed to make the
vehicle reach a reference range by 1mp1ement1ng the change

at an altltude determlned by the actual atmosphere..



" IIX

4.

If the area change is made at the wrong altitude,

the range error is non-zero. A sequence of small discrete

changes in the flight path angle is usédlto reduce this
error. The size éf the discrete change ié computed through
a numerical scheme based on the system's sensitivity to
atmospheric parameter deviations. If the allowable step
change in the.flight path angle is bounded, the required
velgcity changes of the craft are considerably smaller than
the yelocity.changés neéessary for the unbounded allowable

angle change.

DISCRETE CHANGE OF DRAG SURFACE

A. Method of Ahalysis_

" The ballistic coefficient (m/CDA) is a geometric

characteristic of an entry vehicle. For a vehicle of fair-

-1y constant mass, a large value of the coefficient repre-

sents a ;harp, pointy, needle-like vehicle whereas a small
value corresponds to a blunt vehicfb._ The_barameter A is
the cross-section of the vehiclé's frontal area which is ‘
perpendicular to the veldéity vector of the capsule. This
is the effective drag surface which is related to the mag-

nitude of the drag force on the'vehicie by the equation:-

a»

D = o(y) V2(CpA) (2-1)

v

Different values of A will result in difference traject-
'ories; and if A is change during entry, the. terminal state

variablés'of the altered trajectory will be different from

those of the unaltered trajectory. Our interest is the



actual effect of this change in the drag surface on the
terminal state of the vehicle. TFirst the size of the
~i;hange in.area must be determined which pompensates fpr
atmospheric parameter deviafions.. It is also necessary
to find the correct altitude for changing the drag surfacg
based upon the parameter deviations.

Tﬁe equations of motion for two dimensional entry
into a non-rotating atmosphere of a spherical planet by

“a non-lifting vehicle are given as follows where the normal-

jzed'altitude is the-independent variable (see Appendix-A).

vzg R ’ - .
40 . b ; 1 g(x)- —22 'cos®
dx - N g R, v2sin® R *h(1-x/N)

ﬂ = h 1 1 [g(x)sine- %—pCXJgOROV 1?1 s %‘"]

dx N g R_v2?sin® " ©
oo ;

ao h cotd

(2-2)
dx N R_+h(1-x/N)

= flight path angle

where 0
2 = range angle
v é.ﬁérmaiized veloéity
x = normalized altitude

h = reference altitude

N = scale factor

g6 surface gravitational accelergtiGn’
R = radius of Mars -

A = actual area

A = reference area



m= mass of the capsule

f

+Cp= coefficient of drag

§= local densiéy ' ,

Since analytic solutions. for these differential
equations do not exist over the.entireAfange of flight be-

ing considered, the terminal condtions must be found through

numerical integration %212,
: .

i
|
i

Now m/CDAO represents thé reference value for
the ballistic coefficiént.as given by NASA'.. By véring
fhe’ratio éf(A/Ao)in equa?ion (2-2) the actual ballistic
tcéfficient in the intégration will changé.‘ Therefore
this ratio (A/AO) is our»parameter of interest.

A discussion of the density models used is in

.Appéndix B. Presently, NASA is using a reference atmos-
phere whose composition consists predominahtly of ca;bon
dioxidé. Therefore, unless stated different, the results
given are for such atmospheres. However a.compérison of
effecfs of carbon dioxide verses g&trogen atmosphére will

be included for completeness.

-B. Results'of Trajectory Stﬁdy

In Martian entry, the'fegioh of importance for
agfodynamic breaking is below on hﬁndred thousand feet‘in
altitude since the density of the atmosphere is considered
so 1ow (see fig. 3-9). Above this altifude the trajectory
is independent of the actuaivatmosphere. The drag force
is effectively zero.

Plotting the terminal‘velocity as a function of
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the ballistic coefficient shows that for A/A0 = 1.0
(the reference value), the terminal velocity is below
“one ‘thousand feet per second for all the atmospheres
(see fig. 3-1); ‘For any value of the bgllistic coeffic-
ient_less than or equal to the reference value, theftermin;
al:&elocity constraint also seems to be satisfied. If we
‘assume a high den51ty reference atmosphere of VM-4 (10 mb),
the drag surface must be approximately doubled for an
actual VM-8 (5 mb) atmosphere 1f the termlnal velocities
to match.
Similarly, plotiing the terminal fange as a

function of the ballistic coefficient shows that taking
a VM-4 reference and a VM-B_actﬁal atmosphefe requires
the drag surface also.atoo be approximately doubled if
the terminal range error is to be zero (see fig. 3-2).

Therefore, it appears that the ballistic ce-
efficient must change‘approximately by a factor of two
if we are to compensate for the possible perameter devi-
ations. The question now is how to determine'the altitude
at which this discrete change in the shape of the vehicle
is'tc be implemented. |

Let us now consider the effect of drag control
at specific altitudes of the flight range of the capsule
(see fig. 3-3 § 3-4). The terminal altitude is takeﬁ as
twenty thousand feet.: The flight range obtained for a
change of the drag surface at this altitude is'the referi
ence valiue. The significant point from these range curves

is thelr symmetry If the ballistic coefflelent 15~changed



at a specificjaltitude, the amount of range deviation
from the original trajecyory is independént of the actual
:atmosphere. .The,deviation is only a functiog/of the size
of the change in area.

Similarly, consider the éffectvdf drag control
at specific altitudes of the terminal velocity of the
vehicle (fig. 3-5 § 3-6). As expected, the finél velocity-
ié'less than the reference terminal velocity (1000 ft/sec),
ina?pendent_of the atmospﬁéric model. Also,'for a specific
model, the value of the final velocity is invariant- if
the bailistic coefficieﬁt is changed~above a tﬁreshold
altitudé of'approximatelyvfifty‘thousand feet.

Now consider the joint effect on the final_vel—
ocity and tﬁe flight range for a specific area change}

As predicted, a doubliné of thé'drag>surface area produces
aﬁ overlapping région (for the atmospheres considered)

of both the final ve%ocity andltha)flight range (see fig.
3-4 & 3-6). Assume %or_éxample,.that a VM-4 atmospheric
model without any change in'thé 5allistic coefficient is
~chosen for a ééférénce trajectory. Then if a different
_atﬁosphére\is encountered, it is possible fo find an
altitude at which doubling the drag-surface area will
résult in the terminal velocity of the refefence trajectory.
‘Similarly, it is possible to match the reférence.flight
répge by doubling the drag surface at an apbrbgyiate
altitude. |

However, the altitude of change for achievirg
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each términal condition is not the same. Now from basic
control theory, thé“changé of the ballistic coefficient
-can only be used to control one state yariable. Consider
restricting the terminal velocitf to less tﬁgﬁAone thousand
feet per second at twenty‘fﬁousand feet and not to any
specific value. Using a ballistic coefficient 1es§ than_
or equal té the given reference satisfies this velocity
requirement.” Therefore, the change in the drag surface
can be used to make the vehicle attain a reference raﬁge
by implementing the'ch%nge»at the proper altitude.

So far, this~discussion has considered only the
case of_increasiﬁg the reference drag surface. This type
of change'increases.the drag force on the vehicle and
tends to shortén the range of the_capsuie. A high density
reference atmosphere must be chosen for this typé of change,
and the area change is made if the actual atmosphere is
of lower dénsity.

However, let us consider the alternate approach
of starting with an area,gfeater’than A, and then decreas-
ing the.actua1~érea to'the‘reference value at some altitude.
The values of the ballistic coefficient wpuld,stillibe
small enough to make the terminal velocity less than our
;éference of one thousand feet per seéond.  Therefore, it
should be possible to still;use'the areavchahge fo reach
a reference fange, Indeed, the’flight range characteris-
tics do. overlap if the area at:entry is-fwice the refer- .

ence value (A=2A6) (see fig. 3;13 & 3-14).
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Therefore, changing the drag surface by a factor of two
CAO to ZAO or 2A0 to.Ao) allows fhe vehicle to reach a
xreference range value. However;kdecreasing the area will
lengthen the range of the vehicleqwhereas inéreasing the
area shortens the range: Also, the reference frajeerory
must be chosen for a low density atmosphere and the area
change made if a higher density isAepcountered.

Now a comparison of figures 3-4 § 3-13 show
-that the amount of everlap'is governed by the size of the
chadge in the drag surfece. For the same size change in
the area (whether increaeed er decreased), the conclusion
on the ability of the capsule to reach a reference range
value is the same. Therefore, any follow1ng results
shown are only for an increase in the drag surface. But
similar results and conclusions could be obtained for an
identical decrease in the area. |

Now doubling the area of the drag surface is a
marginal case for obtaining an overlapping Tegion in the
flight range characteristics. A VM-8 actual atmosphere
frajectory only reaches a VM-4 reference range if the
change is implemented very early in the importanf region
of the atﬁosphere (below 100,000 ft.). It mlght be desire-
able to obtaln a greater amount of overlap 1n the range
curves. This could be accompllshed by using a larger change
in the ballistic coefficient (see fig. 3-7). However, this
is not a very ap?ealling solution for ﬁhysieai reasons,

Implementing a large change of area with the .structural



11.

strength necessary for re-entry may be quite difficult
 to accomplish and it may also ihyolve an excessive amount
of weight.

As a possible solution, it was thought that
Jowering the final altitude might allow for.gfeaterrover-
iépping in the flight range characteristiés due to the
longer iime of flight. However, it‘was‘found that the
amount of overlap for a specific area change did not vary
with a change in the final altitude (sce fig. 3-8). This
result substantiates the previous suggestion that the
ability of the.capsule?fo reach a reference range is
~governed only by-the.size of the area change made.

,qu as stgtéd previously, tﬁese'fesulté, 50 far,
have been for atmospheric models whose main constituent
is carbon dioxide. However, as of the date of this report,
it is still possible that the main component of the. atmos-
pﬂere may instead be nitrogen. It is this\ﬁncertainty in
the atmospherié composition that ictuélly mékes the Mart-
jan entry problem difficult. For a nitrogen atmosphere,
the iﬁportan? Tegion of a nitrogen atmosphere extends
much higher than the region fof a carbon dioxide atmos-
phere (éeé fig.b3-9). The density in a nitrogen atmos-
phere at two hundred thousand feet i; equivalent to‘thein
density in a carbon dioxide atmospheré at bne huﬁdred -
thousand feet. Therefore, the vehicle's trajectory will.
begin to be effected at~approxiﬁate1y'twb hundred thou-
sand feet by a nitrogen atmospiere whereas a tréjectéry '

in a carbon dioxidé atmosphere is not effected until
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approximately one hundred thousand feet.

For a comparison of results, consider tﬁe effect
~of drag control at specifié altitudes on the terminal
Eonditions for'nitrogen atmospﬁefes. Again the final
velpcity is less than one thousand feet per second for
a béllistic coefficient'less than or_equai to the reference
-value (see fig. 3-10). The final velocity also shbws the
"ch%racteristic of being invariant if changed abqve a
threshold altitude. The flight range characteristics
show overlapping for a doubling of the drag surface (see
fig. 3-11). Therefore,.it is possible to use a doubling
of the drag surface to make the vehicle ;each a reference
range. However, the altitﬁde of changé is.generally much
higher for a specifie range correction in nitrogen atmos- .
pheres than in carbon dioxide atmospheres.

The flight range in nitrogen atmospheric mddels
is also considerably shorter than the range in carbon
dioxide models (see fig. 3-11 § 3—12). If the reference
trajectory 1is choseﬁ'for one type of composition and the
actual atmosphere is of the other type of composition,
it is not possible to reach the'referencé range by chang-
ing'the area by a factor of two. The area change must be
much g;eater than a factor of two, or else some additional
type pf‘control must also be implemented..

In brief summary,-thelvélue of the ballistic
-coefficient has a distinct éfféct on’thevfetminal condit-
ions of anlentry_capsule. If the composition of the actual

atmosphere is similar to that of the reference atmosphere,
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it is ?ossible to meet pre-specified terminal conditions

if thevdrag surface is changed by a factor of two. in‘
fact, the range error can be made zero if the area is changed
"ét an approﬁriate altitude. -Howé?ér, if the actual atmos-
pheric cémposition differs greatly from the reference
atmosphere, the reference flight range cannot be reached

by a reasonable change in thé_ballistic coefficient.
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DISCRETE CHANGE IN FLIGHT PATH ANGLE

" A. Method of Anal&éis

Based on estima?es of ?he actual atmospheric
parameters, the altitude for changing the drag surface
may be chosen to reduce the final range error. However,
if the estimates from the atmospheric updating scheme®

have not yet converged on the true values of the actual

‘parameters, the ballistic coefficient will not be changed

" at the altitude which minimizes the range error. Hence,
| . _

for improved values of ‘the parameters obtained after the

drag surface is changed, one would like to make small

- changes in the direction of flight to compensate for the

error inducéd by chédnging the effective area at the wrong
alfitude. |

By applying an impulsive force perpendicular to
ihe direction of the velocity vector, the flight path angle,
or direction of flight, can‘be diicretely éhangedé For

small changes in flight angle the velocity of the vehicle

.isAchanged in direction only. The magnitude is unaltered.

Therefore, by using a sequencg'of small impulses, the
chénge in flight path angle can be eﬁployed_as a trim to
reduce the error in the actual terminal rénge;

K The problem is then to determine thé size of the

change in the actual flight path angle necessary to reduce

.the flight range error. Viewing this as an initial condit-

-

ion type of problem, one must ‘determine what the flight :

path should be at the present altitude to minimize the
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final‘fange errdr.‘The size of this discrete change is based
on (i) the deviations of the actual state variables from
‘the refefenée trajectory; (ii)'thé deviations of the atmos-
pheric pérameterS from the reference atmosphere, and (iii)
thefmagnitude of the change in the ballistic coefficient-
~all at the present altitude. Sensitivity analysis can be
us?d to predict the terminal range éfror based on the
'deﬁiations between actual and referénce conditions; and
from this errvror, the‘size of the discrete change which will.

j -
reduce the predicted range error to zero can be computed.

B. Derivation of Sensitivity Coefficients

To‘esfimat§ the range error and the flight path
angie change necessary to compensate for the error, we
will make use of sensitivity coefficients. This section
presenfs a method for finding these coefficients. This
mg%hod was derived by Dr. P.'J. Cefola previously and is
~presented here for completeness?. The next section (IV C.)
will present a new méthod of analysis using these
céefficients.

Sensitivity coefficients give the ratio of a
partichlar state variable deviation (as a function of alti-
_tudé).fo deviétions in the reference parameters of_the
system (at a particular altifudej. For an eXact définition
of the sen51t1v1ty coefficients, consider a dynamlc system

described by the following mathematlcal model8

F(i,i,x,t,qo) = 0 (4‘.1)



where d, is the parameter of interest. The sensitivity

ﬁoefficient is defined by .

x(t,q *aq) - x(t,q,)

u(t,q,)

= lim
Aq>0 Aq (4-2)
| 3 '
or - U(t,qo) = T x(t,qo)
aqo

whére x(t,qd+Aq) is the perturbed solution that results
when (q0+Aq) is‘substituted for a4, in the.original
mathematical model. The perturbed value of x can be

approximated at time t by
x(t,q,+4q) = x(t,q ) + u(t,q,)dq (4-3)

Therefore the error in x at time t can be
estimated by knowing u(t,qo) and Aq; A sensitivity equa-
tion may be obtained by taking the partial derivative of

the system model equation with respect to q. The result

3

is »
3F 4 + 3@ G+ 8y = 2E (4_4)
X 9x 9X 3q, .

Through simﬁltaneous numericél integratioﬂ of equations
(4—1)'énd (4-43? u(t,do) can be found, and the pertu?bed
valﬁe xtt,qo+Aq) may be evaluated. . ’

Now consider the dynamical equations for plan-
etary entry (equation A-22);1 For purposes of W;iting,

these equations, the following notation is used:

25.
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2% = [z1, 22, z3] = [0, v,Q] (4-5a)

it

—

. o . A
and . n* [nisnzsns,nyl =.[a,b,C:Ef' (4-5b)

. . . 0
where * indicates the transposed’ vector.

Then we obtain the state equation as:

dzi . _
- = F(Z:I}_:X) i 132,53 (4-5¢)

dx

Before proceeding to the mathematical definitions
of the parameter'sénsitivity function,.it ié necessary to
describe the reference;and perturbed trajectories used in
.that)definition. The reference sfate variablgé will be
given és'ﬁi(x).= zi(x,ﬁ,xE) where thé normalized altitude
X is the iﬁaependent variable and Xg is the entry altitude.
Thié‘function results from solving the trajectory. dynamics
%ith the reference values of the system parameters fi, and
.éénstant initial conditions,ﬁi(xE), The perturbed traject-
ory is given by zi(x) = zi(x, ﬁz’ﬁj+Anj’XE) wheré Anj is
the pe;turbed parameter and ﬁzvis a vector of the refer-
ence ?érameters without the ﬁj’term. This perturbed tra-
jectory can be obtained by substituting'ﬁj + Aﬁj into the
,eqﬁations of motion and using the definifion of the initial
conditions |

23 (xp) = 25 (xg) (4-6)

for all Ahj.‘ Physicélly this means that reference. and
perturbed state variables are‘equal at the entry altitude

(before any effects of the atmosphere are felt).



Therefore, we can now define the sensitivity
‘function by:

ol

Zi(X,ﬂg,ﬁ-';’fAnj, XE) - Zi(X,_ﬁ_,XE)

- e J
uij(x,xE) lim
: Anj+o Anj
| (4-7)
22, (x,f,xp) o
= . 1 = 15253
an.
J‘ J = 1525258

The perturbed staté variable may be then approximated at

altitude x by: :
o '

25 (x) = 21(;ﬁ + aij(x,xB)Anj(;E)‘ (4-8)

The quantity Anj(xE) is a step function appiied at x=xp.
Equation (4-8) shows that the effects of parameter devi-
atiéns on the state variables at altitude x can be
estimgtéd»(at xE) once the sensitivity coefficients are
known. N |

The sensitivity equations are obtained by téking

the partial derivative of equation (4-5c) with respect to

fi.. This results in

J.

'd 3F, 9F; (
—u; . (X,X5) = —uy. (X,x5) + Uz (X,Xp) 4-9)
ax 3B ggy ITUTEL g, 3R

d 7 . an an 9F2
""ﬁZj(Xﬂ(E) = "“"UIj(XsXB) + """“"312'(}(3XE) + ——

dx 9z, - 922 J aﬁj

d oy, (rxg) = 8 |

—U3.(X,X F 1-(X,X )

dx j E ] E

BZ;
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where j = 1,2,3,4. Fi, Fo, and F3 are given By‘equation.
. . oF
(A-22), and the partial derivatives 5 are evaluated

“;élong the reference trajectory. The initial conditions

for uij(x,ﬁ,xE) come directly from equations (4-6 and (4-7).

u (X X.) = Efiffgl = 0 (4—10)
1JVETE 3h. . |

Using vector and matrix notation,’ the sensitivity equa-

tions can be written as -

I ¥

el Oexg) = A 8 Geaxg) + B30 (4-11)
8y (xgxp) = 10]
' -~ —1.—: o= —
where 1 Uij 0
oF
:— = ﬁlj Zl...j = W/\.
j s A5
B 0 (4-12)
and 3F,  9F, _ 0“
: le 322 -
Alx) = | ?F2  3F2
9z1 9Z2 ?
3F;
| 9z, 0 0 N

If‘the index .j is allowed to take the values 1,2,3,4 in
equation (4-11), there are 12 sensitivity equations. These
tbgether>with the three equations of ﬁotiOn are solved
simultaneously. Then the resulting sensitivity functions

‘will describe all possible effects of system parameter'
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changes on the state variables. Values of the sensitivity
fqnctions at the terminal altitude Xp ﬁij(xT3xE) can be
‘used tokestimate the terminal error as a function of the
“entry conditions. ' |
However, we would like to find the sensitivity
Eéeffiéients as a funcétion of present altitude rather than
ét fhe entry altitude. .Suppose we define the present norm-
alized al;itude as s where (xﬁfﬁgxﬁxT). Suppose we replace
Xg by s in equation (4-11). This resets the sensitivities
ta éero at altitude s. Mathematically it means we are
dealing with a new ﬁerfurbed solution which coincides with
the;}efefence,trajectory at altitude s (instead of at

altitude XE). The sensitivity functions describing the

new-perturbed solution are given by

8. (x,8) = A(x) G.(x,8) * h.(x)
- > 3 A —J ,

(4-13)

fﬁ is noted that gj(xj_is not a function of s®. The method
of predicting the state variables at Xy is similar to that
~method alread&vshown with one imbortant exception. Before
the assumpfion was made that the reference and perturbed
tréjectories were identical. However at a lower altitude S,
the effects of state variable deviations at'that,altitude
must also be included. This will be discussed later.

Now our sensitivity coefficientsrare’being solved
as a function of x. Clearly; we are only interested in

the values at the terminal altitude Xp The variable of
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interest is the present altitude s. We would Iike new
_sensitivity equations whose solution:give'analytical
tdéscriptions;of the sensitivities at the terminal altitude
as a function of the pre§ent altitude s [ﬁj(xfzs)]..To

do this, equation (4-13) is solved using the state trans-

ition matrix ¢(x,s). This matrix is governed 10 By

L s(x,s
dx -

¢($,S)

A(x) d(x,s)

- (4-14)
I

]

We also need the adjoint transition matrix described by

<«

Syt (x,x) = - PE (X)) AKK)
dx
(4-15)
* = -
From these, the following identity is obtained?®
w*(XI”Sg =V¢(XT’S) " (4-16)

Now the solution has the following integral representation:

. - X .
Ej(X,S) = ¢ (x,2) hj(l) da (4-17) -
< . T
since ﬁj(s,s) = [0]
setting x = xT-in,(4—17) yields
X o
Ej(XT,SJ = ¢(XT£AJ Ej(l) da - (4-18)

S

Substituting equation (4*16)'into.(4—18)'dnd differentiating



the results with respect to s gives

a . .. ' ]
S8 pas) = - VA Grpe) By () (4-19)

.

<S<X

Xg= T

where G.(x.,xE)'is the initial conditions for (4-19);
Thus we may pre- compute and store ¢(x ,xE) and u (x ,XE)

and then so}ve the £0110w1nc {similar to 4- 15)

. é_—::;})*(xi’s) - '(!)"‘(XT,S) A(S) | (4-.20)

ds

Therefore, équations (4-19)and (4-20) are‘solved simul-
taneously with the equations of motion to obtain the
proper sensitiviﬁy coefficients for updated.parameter
information at altitude.s.

Now to completely preditt the terminal state
variable deviation, the effects of’presentrstate Variable
deviation must also be iﬁcluded.f The state variable
sensitivity cqéfficients argldefined as

‘azi(x,s)

wlj(x,s) = Zf}TET"“ (4'21)
\()Z/'

Again using vector notation

{=>

§0655) = (835 (6,505 Wy (5,5), oy (6,9)]
~ (4-22)

The state variable sensitivity equations

S5 (x,5) = AG) &, (x,5) . (4-23)



are obtained by the same process used to obtain the
parameter sensitivity equations. The system matrix A(x)
is the same as that given in equation (4-12). The initial.

conditions are given by

w5 (5,5 - 4 (4-24)
ﬁhere 1] 0'7 10
di=lo0] ada={1] ds=1o0 (4-25)
] 0 ] 0 1 '

the solution of equatibn (4-23) subject to (4~24) is

-

Ej (Xias) = Q)(X,S) _C_];J (4-26)

‘where ¢(x,s) is given by (4-14). Using equation (4-16)

and setting x = X We cbtain

B (xp,8) = VR (xp,s) 4 (4-27)

We now have all the sensitivity coefficients necessary to
completely describe the terminal state variable deviations

subject to the flight conditions at the present altitude.

32.
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C.. Computation of Step Controls in the Flight Angle

The . terminal range error based on the flight

conditions at the present altitude may be estimated by

e - Blxp) = o1 Gepys)[als)-8] + 835 (uprs) [b(s) 6]

3 as (xg8) [e(8)-C] + GauGxpo) [ (5)-1]
o)

L.+.

W32 (xp,8) [V(5)-¥(s)] * Wss (xp,s)[2(5)-A(5)]

o

an(foS) 20(s) o (4-28)

The st and the §3j are ‘the parameter and the state
variable sensitivity coeff1c1ents, respectlvely, as defined
'1n the previous section. The a(s), b(s), and c(s) are the
updated values ‘of the atmospheric parameters at altitude
s*. % (s) cprreéponds to the ballistic coefficient changee
~Q(s) gnd v(s) are the measured vaiues'of the actual range
anéle and normalized'velocity, whileAﬁfs) and G(s) are the
reference values. v | |

Our problem is concerned with the values of the
variable AQ(s). If A@Cs) is defined ‘as the difference
between the actual and the reference values of the flight

pgth angle, equation (4-28) will give the uncontrolled

terminal range error. However, consider AQ(s) defined as

1}

AO(s) = o(s) + 0. (s) - 8(s) (4-29)

where 0O(s) is the measured'actual value of the flight path
angle, and e(s) is the known reference Value. We def1ne

A@ (s) as the discrete change necessary to reduce the



terminal error (see fig. 4-1). Thérefore,;[@(é) +AOC(5)]

~represents what the value of the flight angle in the actual
?’étmoéphere'éhould'be so that the.fange error is zero. The-
value of Aec(s) which results in zero range error»cgn now
be found by substituting equation (4-29) into (4-28) and
by setting equation (4-28) equal to zeré. _

The increment of velocity, thch mﬁst be added
perpendicular to the vehicle's velocity vector for a
path change A@C(S), cép_be found.through_geometriéal
congiderations. It is felated to the vehicle's velocity
by the tangent of the angular change (see fig,j4-l).'
- ' V (S) - l ’

tan [a0_(s)] = ;( ) (4-30)
: 3

By making a small angle approximation we get
Ve(s) ="V(s) 80, () (4-31)

A discussion of the impulsive force and weight of fuel
necessary, for a discrete change,AOc(s) in the flight path

angle is included in‘Appendix'C.
- :

D. Numerical Example’

We now consider a numerical example to-illustrate
the usefulness of the discrete change in the flight path
anglé as a trim to decrease the terminal range error. In
this example, a VM-8 model is taken as_thé-réfgrenqe
atmos?here and a VM-4 model is_takenfas the actual atmosj

phere.



»Refereﬁce Conditions

Local-HorizontaiA

\<: X

(OB

Actual Conditions

Local Horizontal

“Figure 4-1

35.



36.

The ealiistic coefficient for this exampie is
taken to be .15 slugs/ft? -(half the NASA reference value).
The drag surface area must then be halved at an altitude
of approximately ninty thousand éeet if the range error
.iSito be made zero tsee fig. 3-13). For this simulation,
"we assumed exact traking of the actual density parameters.
However, the change in the- balllstlc coeff1c1ent is made
at a slightly lower altitude to induce an error in the
terminal flight range.

The numerical data for the reference trajectory

was taken as’ _ C -

= 89,400 ft.

Yg

Y, = 20,000 ft.

éE = .15287 radians
¥y = 12,300 ft/sec
ﬁE = 0.0 radians
4. = -10.5729

b = 2.7027

¢ = -.501556

N = 1.0

h = 61,000 ft.
g, = 12.3 ft/sec?
-R_ = 10.86 x 10° ft.

= .15 Slugs/ftz

Hsing:these values, the quantities.Hj(XT’XE)‘and‘¢(XT?XE)'



were found by simultaneously solving the differential
equations (3-2),(4-13), and (4-14). The following values

were obtained

o - .0.6709
El(XT,XE) = |-=0.02587
-0.009218
~ -0.3166
EZ(XT,XE) = 0.006299

L 0.007126 |

R | 2.297
By - | i

¥
5

L 0.6709"
htepy) - | O

-1.032 . -0.03100
- -0.0009976 -0.0008936
-0.08010 0.005639

i
-0 o
OO

¢ (XT?XE)

g -7 N . ¥ - ;"V’. - - -

Now using - these values as the initial conditions in the
updating equations, we solve for Ej(XT’S) and'wﬁ(xT;s) as
functions of the present altitude.s. The actual controlled

VM-4 trajectory was simulated with the following data

=_89,400 ft.

YT = 20,000 ft.
O = .15287 radians
VE'= 12,300 ft/sec

QE-= 0.0 radians

37.
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a = -9.9075
‘b 1= 2.3255

c = £.54392
N = 1.0

h = 61,000 ft.
g, = 12.3 ft/sec?
R_ = 10.86 x 10° ft.

= ,30 slugs/ftf
Do ° :

ﬁnd’the actual state variables were from obtained from
this simulation.

The flight angle was discretely changed four
times élong the actual trajectory. Table 4-1 shows the
results'fof'the updated cént;él. The.Cgsé‘of both bounded
;na unboﬁﬁded values . of AOC was considered. Table 4-2
shows the terminal range error for the actual trajectories
with no control, with ballistic coefficient change only, .

8

and with bouhded and unbounded trim.



DISCUSSION OF RESULTS AND CONCiUSIONS

It'haévbgen shown that a guidaﬁce scheme whiéh
uses a discrete change in the bailistic coeffiéient and
a sequence of small &iscrete changes in the flight path
angie as the controls is able to compenéate for a certain
range of afmospheric parameter deviétionsﬂ,Frbm a good
estimate of the atmospheric composition, a reference tra-
jectory can be chosen which has_fhe required, terminal
conditions. Then based upon_smali deviations in the refer-
ence parameters which describe-the atmosphere, the ballis-
tic coeffi;ient can be altered so that the terminal con-
strainfs'are still satisfied. Then if inaccurate esti-
matés of the actual atmospheric parameters exist at the
altitude of change in the drag surface,-the terminal
eTTOrS which result may be corrected by small step changes
in the flight path angle o% the vehicle.

©y

If we consider the final velocity constraint

as an inequality, it is only necésSary_tb-keep the ballis-

tic coefficient less than .30 slugs/ftz_to insure that
thewconstraint is satisfied. The changing of the drag
surfacé area need only be employed to ﬁake’the capsule
reach a reference range independent of the acfual atmos-
phere which exists. The size of the change necessary ig
based on the estimates of the possible atmospheric para-
meter deviations before the mission. Then with a know-
ledge of the actual atmbsphere obtained during entry;Lit'

is possible to find an altitude at which changing the drag

40.



surface will bring the craft to the reference range at
.twenty thousand feet.

| -if the composifion.of the actual atmosphere 1is
similar to that of the reference atmosphere,there exists
_an altitude at which changing the drag surfacé by}a-factor
of two will result in zero range error. However if the |
actual atmospheric compositibn differs greatly fromAthe
feference atmosphere, the'referencé raﬁge-éan only be
reéched by a change in "the ballistic coefficient which
i% %u;h‘greater than a factor of two. The range for
unpowefed aerodynamic entry is extremely séhsitiye'to the
.composifion of the atmosphefe.-Thereere, a drag control
scheme seeﬁs advisable only if a»reasonable estimate of
the’atmosbheric composition is know beforé the mission.

It has also been shown that the sequence of

speb changes in the flight path angle is very effective
in reducing sﬁall errofs due to changing the ballistic
cbefficient at the wrong altitude? However, 1t seems
important to compare the case farftnboﬁnded values of
,Aec and then for bounded vaiues. The range error using
fopf corrections of unbounded magnituderis reduced from
-6000 yardé to +90 yards. However the velocity changes
[éé(s)] necesséry at each altitude a:e-quife iarge fO?
a vehicle which will weigh approximatély five thbusandA
pounds. They range from 282 feet perASecond for the
first correction to 110 feet per second for fH; fourth
correction (see table 4-1). The magnitude of a thrust

of one second duration required to achieve these



velocities [Vc(s)] range from fifty thousand pounds for

1

‘the first correction to seventeen thousand pounds for the

 fourth correction. These forces are extremely large and

the entire scheme requires approximately three hundred

pounds of fuel

Appendix C).

for an average chemical engine (see

A bounded step chénge seems to be a much better

solution from both the numerical example and physical

llmltatlons. The ranve error for bounded control is larger

thad that for unbounded control. However, the error for

a bound of one

_bne mile (1300

hundredth of .a radian is still less than

yards). More important is the fact that-

the mavnltude of the ve10c1ty changes [V (s)] are very

small, espec1a11y when compared to the V 's necessary

for unbounded control. For a bound of .01 radians, the

vélocities range from 85 feet per second to 8 feet per

second. The thrust of one second duration requ1red for

a bound of .01
«pounds for the
for the fourth
ieasonable and

pounds of fuel

ty
b

radians rdnges only from fourteen thousand

first correction to eleven hundred pounds

correctlon These forces are much more
using this bound only requires 51xty

for all four correctlops.
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APPENDIX A

" BEquations of Motion:

Consider two dimensional entry into a non-
fotatiﬁg atmosphere of a spherical planet. The geometry
is’given by figure A-1. The unit vector parallel to
pésition feétor e, can be described in the velocity

1 o
coordinate frame by

€, = cos® gy - sind eq (A-l)»

the vehicle position vector r can be expressed as

r=rs& (A-2)

or substituting (A-1) into (A-2)
I =T cos® gy - T sind er (A-3)

an eXpression for the velocity in“the ET"EN system is

found'by differentiating (A-3) with respect to time:

. _d e d

r = gplr cose) gy + r COSG,EN - gp(r sin@) eq o
. (A-4)
- T sind eq
But the angular motion»ef the ers &y system with resfect

to the fixed reference plane is given by

&r = - (2+0) ey
' (A-5) .



substituting (A-5) into (A-4) gives

. i_é [r{sin0 .+ T cos0O] EN.% [r$cos® - T sind] er (A-6)

.

"However since e is defined to be in the direction of

the velocity vector
T=V=Ve (A-7)

B& combining (A-6) and (A-7), the following two scalar

equations are obtained:
i

v rﬁcos@ - T sin®

(A-8) -

il

< . L]
r{isin® 4+ 1r Ccos0O

The solution to (A-8) forQ and © gives the following

geometric results!

s _ V cosO

Q T (A-9)

]

T = -V sin® (A-10)

%

For the equations of motion, the vehicle acceleration is
+ needed. By differentiating equation (A-7) with respect

‘to time, the expression for ‘the acceleration is

L

=Ver +Veyg . (A-11)

Substitution of (A-5) and (A-9) into (A-11) gives

$ =7 -'V[é +».V cos@]

£ et — ) &y (A-12)

Next, the external forces acting on the entry’

vehicle are considered. - These are drag, 1lift and'graﬁity.
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The external force may be expressed by

F=-mge +Ley-De - (A-13)
where m = the mass of the ent}y vehicle

g = gravitational acceleration

L = 1ift force

D = drag force

By substituting equation (A-1) into (A-13), we get
] F = (L-mg cos0) ey * (mg sin©-D) er (A-14)

“Now by use of Newtons 2nd Law, we obtain the dyﬁamical

equation of motion:

' . D
Ver - V(e+ nggég)gN = (g,51no—a) e
L _ - (A-15)
+ (5 - g cos@) ey
the resulting scalar equations are
v = . D
= g sin@ - = (A-16)
and Vo = (g-¥) cos® - % (A-17)

If ko is the planet's radius and'y is the altitude of the

entry capsule above the planets surface, the relation

between T and y is
T =R, +Y (A-18)
~the drag can bé~approximated by

D= e VE(Cphy) () (A-19)
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where p
C
A

o

A

D

48,

atmospheric density

I

drag coefficient
= Teference area

= actual area

substituting (A-18) and (A-19) into (A-9), (A-10), (A-16),

and (A-17) leads to the time domain equations of motion:

y

8

<o

o1

Now to make

= - V sin¥ -
- : C CLA_
1 . V2 1 - b™o, A
= (g8 - wv) coso- 5 = (¥y) V. ( ) ()
Vv | Ro+y 2 CD : m Ao
CLA '
- . o~ 1 2., Do A (A-20)
= g sin0-30(y) Vi) () -
- V‘cosg‘
Ro+y

the equations &imenSionless'we make the follow-

ing change of variables

A

X
and
v
where x-
v
h
N
24

n

h-
NCED
(A-21)
)

8o o

= nqnormalized altitude

= " velocity

= r7reference altitude
= scale factor

= surface gravitational acceleration

For purposes of analysis, -ballistic entry with-

out 1lift is

assumed. Now equation (A-20) expresses the
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dynamiés of entfy with time as the independent variable.
Héwever, the variable of interest is altitude. Therefore
" ~making the change of variables (A-21) and expressing
altitude as the independent variéble, the equations of

motion become

) 2
d _h 1. 1 V'g.R, .
& = N g r; vesino (80 - Ryl cos b
= F;(x,0,V)
. CHA
dv . h 1 1 i 1 Do, A
& 5N R vrsme [B(X)sine- gp(x)g R v () ()]
oo L : 0
= Fz(Xse,V',p,%*)
R . (o)

4@ _ h cot O '
N R *h (1T-x/N) = F3(x,0) - (A-22)
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APPENDIX B

‘Martian Atmospherit Density Models

At present there are two density models for
Mars being used by NASA?. These are? an isothermal

density model

. - By - -

p=p e y> height of .

ref : tropopause (B-1)
and an adiabatic densiiy model
I . .
N 11 N 1
P =P, (1 o y) Y-1 y height of . (B-2)
_ To tropopause - -

“where = sﬁrface‘density (slugs/ft?)

p
T = surface temperatures (°R)
B = inverse sCaie height (l/ft)
I = a diabatic lapse rate (°R/£t)
¥ = ratio of specific heats
y =,height)ébove surface (ft)

If the density is assumed to be a continuous function of

altitude, then it can be shown that

: . BH _
P =p,e = trop I 1 ‘B-
‘ref o} | (1 f.To Htrop) v} (B-3)

where Htrop equals the altitude of'the tropopause |
The adiabatic density model defined the atmos-

phere over the main part of aerodynamic breaking. The

uncerﬁainty‘in the present definition of the étmospheré

is indicated by the allowable range of the adiabatic

parameters
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1.32(10)°° < p, <4.98(10)7°

-.00321. . < T <-.00213

< 495

360 < T0 .
- 1.37 < ¥ < 1.43
0043 < - < .0089

o
To obtain the modified adiabatic density
eqﬁation expressed by three parameters, let us use X

as our independent variable where x is defined as

I

x = By N (3-4)
and h = reference altitude
N =_sta1e factor

Solving equation (B-4) for y .and substituting

into (B-2) gives

. T X - - ’
€ x) =eo [+ BRIV (B-5)
Now letting
a = 1np (B-6)
.1 )
b= Y-1 (8-7)
T'h (B-8)
C:""_" N
TO
equation (B-5) becomes
p(x) = e¥[1 + c(1-)1° (3-9)

Therefore the atmospheric models used for this

report ‘are expressed as .
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— -By.. . 1
p=p e y > height of (n-
ref tropopause (B‘10)

‘and x < normalize height

p=e?[1+c(1-3)]P
- , : of tropopause

The values of the atmospheric parameters. for
the models used in this report are given in the follow-

ing| table:
T

Mars Atmospheric'Parameters~
h=61,000 ft.,N=1.0
2 | -10.2348 | 2.7027 | -.s50156 | 6.07x10”° | 2.23x107"
4 |- 9.9075 | 2.3256 | -.54392 | 5.89x107° | z.70x107"
8 |-10.5720 | 2.7027 | -.50156 | 6.07x107° | 1.58x107"
21 | -10.8977 | 2.6316 | -.26248 | 2.15x107° | 3.12x107°
3 |210.5384 | 2.6316 | -.26248 | 2.15x107° | 4.48x107"
7 | -11.23535 | 2.6316 | -.26248 | 2.15x107° | 2.23x10"°

TABLE B-1




APPENDIX C

Characteristics of the Impulsive Force

.

To achieve a small discrete change in the flight

path;hngle, an impulsive force will have to be applied
to the vehicle. This force will be abplied for a small
iﬁtéfval of tiﬁe, and its magnitude will be determined
by AQC(S). , N

The magnitude of the velocity component applied
perpeddicular to the éctual vehicle velocity to change

~ the flight angle by 40, is given by equation (4-31)
yc(s) = V(s) 4@C Clel.

From Newton's second law, we can relate velocity to the

time integral of force.

JF dt = mVC (C-2)

However, because of the impulsive nature of the force,

the following approximation may-befmade:
[F dt = FAt (c-3)

where‘At is the time interval over which the force F is
applied. Hence an estimate of the magnitude of the force
neceésary'to change the flight diréction is given by

| m, V(s) 46 _(s)

At - (€4

"where'mv is the mass of the vehicle.
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It is also possible to obtain an estimate of

55.

the fuel needed to achieve an impulsive force of mégnitude F.

The specific imptilse of a rocket is defined as the thrust
]3 L
per unit weight rate of flow

I = - (C-5)

Since F is applied for time Af, where At is small, we can

approximate m_. by

) . By ”
' Mav = B¢ (C-6) .
where m? is the fuel used in time At. ‘Substituting

equaﬁioh (C-5 and (C-6) into (C-4) we.gef

mog = (C-7)

Substituting equation (C-4) into (C-7) we get the weight
of fuel necessary for flight path angle change AOC(S) as
ng = m V(s) Aeccs)

pf T g " (C-8)
. sp .

Table C-1 gives the magnitude of force and the
fuel consumption for a typical chemical rocket that are
needed for the bound and unbound valﬁes of A@C(é)_given

in table 4-1.-
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1 sec

- | At =

ALTITUDE OF UPDATE 1., = 400 sec

TYPE OF CONTROL 76,000 {62,000 |48,000 |34,000 ft
UNBOUNDED F (1bs) -50000 | 35000 | 30000 | 17000
m g (1bs) 110 gs | 75| 40
| BOUNDED F (1bs) | -14000 | -6500-] 2500 | 1100
-[Aecl<.01 mpg (1bs) 35 16 6 3
. BOUNDED F (1bs) -20000 | -9400 3500 1700
|ae |<.015 m,g {1bs) 50 25 -9 4

 TABLE C:-1




